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Abstract 

We study the computational complexity of the 
problem of controlling the result of an election by 
breaking ties. When the chair is only asked to break 
ties to choose between one of the co-winners, the 
problem is trivially easy. However, in multi-round 
elections like STV, we prove that it can be NP-hard 
for the chair to compute how to break ties to ensure 
a given result. Our results contain several surprises. 
For example, whilst it is NP-hard to compute a ma- 
nipulating vote for a multi-round rule like Nanson, 
it is polynomial for the chair to control the result by 
breaking ties. As a second example, it can be NP- 
hard to control an election by breaking ties even 
with a simple two-stage voting rule. 



1 Introduction 

Voting is a general mechanism to combine together order- 
ings (e.g. preferences of agents over different plans, or rank- 
ings of web pages by different search engines). One con- 
cern is that the chair may manipulate the result. For example, 
the chair might introduce a spoiler candidate or delete some 
votes. Bartholdi, Tovey and Trick 11992] explored an inter- 
esting barrier to such manipulation; perhaps it is computa- 
tionally too difficult for the chair to work out how to perform 
such control? They proved that many types of control prob- 
lems are NP-hard even for simple voting rules like plurality. 
Interestingly, one type of control not considered by 
Bartholdi, Tovey and Trick is control by choosing how ties 
are broken. This is surprising since the chair is actually the 
person who breaks ties in many elections. For example, the 
Speaker in many parliaments has the casting vote in case of 
a tied vote. Another reason to consider such control is that 
in many other elections the tie breaking rule is unspecified or 
is left ambiguous. The chair therefore has an opportunity to 
influence the outcome. This control problem also avoids one 
of the criticisms raised against the analysis of some of the 
other forms of control. In particular, many complexity results 
about control suppose that the chair has complete knowledge 
of the votes. This might be considered unreasonable. For ex- 
ample, how do we know how voters will rank a new spoiler 
candidate till their candidature has been announced? When 



studying control by breaking ties, it is natural to suppose the 
chair knows how the votes are cast when asked to break a tie. 

Control by tie-breaking is equivalent to the problem of 
determining if a chosen alternative can win under some tie- 
breakin g rule. This is called parallel universe tie-breaking 
(PUT) i Conitzer et al, 2009) and has been used to create 
neutral rules i T^eman, I987| . Deciding if a candidate is the 
winner of such a neutral rule with ranke d pairs voting has 
recently been shown to be NP-complete | Brill and Fischer, 
|2012j . It immediately follows that control by tie-breaking for 
ranked pairs is NP-complete. 

Tie-breaking has played an important role in some of the 
earliest literature on computational social choice. For exam- 
ple, Bartholdi, Tovey and Trick 1 1989 1 proved that a single 
agent can manipulate a Copeland election in polynomial time 
when ties are broken in favour of the manipulators, but ma- 
nipulation becomes NP-hard with the tie-breaking rule used 
in chess competitions. With Copel and voting, Faliszewski, 
Hemaspaandra and Schnoor 1 2008| proved that the choice 
of how ties are scored can change the computational com- 
plexity of computing a manipulation from polynomial to NP- 
hard. More recently work by Obraztsova, Elkind and Hazon 
12011 J and Aziz et al. |2012| considered the impact of differ- 
ent randomized tie-breaking schemes on the computational 
complexity of computing a manipulation. They proved, for 
example, that all scoring rules are polynomial to manipulate 
for some tie-breaking rules but not others; additionaUy rules 
like maximin, STV and ranked pairs are NP-hard. 

In this paper, we study the computational complexity of 
control by breaking ties. We show that when the chair only 
breaks ties to choose between co-winners, as is the case in 
many single round rules, control by tie-breaking is polyno- 
mial. On the other hand, for many multi -round rules hke STV 
and Coombs, the chair may have to break multiple ties, and 
the control by tie-breaking problem is NP-complete. Even 
with two-stage rules, where the chair may have to break ties 
only twice, the control by tie-breaking problem can be NP- 
complete. We also consider tournament rules like Copeland 
where tie-breaking is already known to have a computational 
impact on strategic voting. 

2 Formal background 

A profile is a set of n total orders (votes) over m candidates. 
A voting correspondence is a function mapping a profile onto 



a set of co-winners. A tie-breaking rule can then be used to 
return the unique winner Let N{i, j) be the number of voters 
preferring i io j. We consider some of the most common 
voting correspondences. 

Scoring rules: (wi, . . . , Wm) is a vector of weights where 
the zth candidate in a vote scores Wi, and the co-winners 
are the candidates with highest total score. Plurality has 
wi = 1, and Wi — Q for i > 1; veto has Wi ~ \ for 
i < m, and w„i = 0, ; k-approval has Wi — 1 for i < k, 
and Wi — for i > k; Borda has Wi — m ~ i. 

Plurality with runoff: If one candidate has a majority, then 
she wins. Otherwise we eliminate all but the two candi- 
dates with the most votes and apply the plurality rule. 

Black's: If one candidate is the Condorcet winner, a candi- 
date preferred by a majority of voters to all others, then 
she wins. Otherwise, we apply the Borda rule. 

Bucklin: This rule proceeds in rounds. The winning round is 
the smallest value k such that the fc-approval score of at 
least one candidate exceeds [n/2j . The Bucklin score 
of a candidate is his fc-approval score, where k is the 
winning round. The co-winners are the candidates with 
the largest Bucklin score. The simplified Bucklin pro- 
cedure is the same except that all candidates with score 
exceeding [n/2j are co-winners. 

Fallback: This is a combination of Bucklin and approval 
voting. Voters approve a subset of candidates and rank 
this subset. If there is a fc such that the /c-approval score 
of at least one candidate, the sum of the approvals ap- 
pearing in the first k places of each voter's ranked order, 
exceeds [n/2j then the co-winners are the set of candi- 
dates exceeding this threshold. If there is no such k (as 
no candidate receives enough approvals), the winner is 
the approval winner. 

Single Transferable Vote (STV): This rule requires up to 
771—1 rounds. In each round, the candidate with the 
least number of voters ranking him first is eliminated 
until one of the remaining candidates has a majority. 

Nanson and Baldwin: These are elimination versions of 
Borda voting. In each round of Nanson, we eliminate 
all candidates with less than the average Borda score. In 
each round of Baldwin, we eliminate the candidate with 
the lowest Borda score. 

Coombs: This is the elimination version of veto voting. In 
each round, we eliminate the candidate with the lowest 
veto score until we have one candidate with a plural- 
ity score of 77/2 or greater. In the simplified version of 
Coombs, we eliminate the candidate with the lowest veto 
score until one candidate remains. 

Cup: Given a schedule T and a labelling L, we run a knock- 
out tournament. Candidates are compared pairwise with 
the winner in each competition going forwards to the 
next round. 

Copeland": The candidates with the highest Copeland" 
score win. The Copeland" score of candidate i is 

Y.j^^{N{i:i) > ^)+a-{N{t,j) = f). In the second 
order Copeland rule, if there is a tie, the winner is the 



candidate whose defeated competitors have the largest 
sum of Copeland scores. 

Ranked pairs: We consider all pairs of candidates in or- 
der of the pairwise margin of victory, from greatest to 
least. For each considered pair, we construct an ordering 
which ranks these candidates unless it creates a cycle. 
The winner is the candidate at the top of the constructed 
ordering. For a neutral variant, the co-winners are any 
candidate who can be made top elemen t under some tie 
breaking order iBrill and Fischer, 2012 1. 

Maximin: The Maximin score of a candidate is the number 
of votes received in his worst pairwise election. The co- 
winners are the candidates with the largest such score. 

We consider the following decision problems. In each, we 
are given a profile consisting 77 votes which are strict linear 
orders over a set of 777 candidates, a preferred candidate p and 
a voting correspondence. We use a > & to indicate that can- 
didate a is strictly preferred to candidate b and a 6 to indicate 
that two candidates are tied. In the control by tie-breaking 
problem, we wish to decide if the chair can break ties to make 
p the unique winner. Note that the control by tie-breaking 
problem is equivalent to the possible winners problem when 
the tie-breaking rule is unknown. 

A voting rule is vulnerable to such control if this problem is 
polynomial, and resistant if it is NP-hard. Additionally, a rule 
can be immune to a form of control if there exists no profile 
where the given form of control is effective, conversely a rule 
is susceptible there exists a profile that can be changed. 

In the manipulation problem, we wish to decide if we can 
cast one additional vote to make p win. All our results here 
apply to the variants of the manipulation problem in which 
we break ties in favour of or against the manipulator. Finally, 
in the manipulation problem with random tie-breaking, we 
are also given a probability t and we wish to decide if we can 
cast one additional vote to make p the winner with probabil- 
ity at least t supposing ties are broken uniformly at random 
between candidates. 

3 Relationship to manipulation 

We start by considering how control by breaking ties is re- 
lated to other manipulation problems. A little surprisingly, 
the complexity of control by breaking ties is not related to 
that of the manipulation problem with random tie-breaking. 

Theorem 1. There exists a voting correspondence such that 
the control by tie-breaking problem is polynomial but the ma- 
nipulation problem with random tie-breaking is NP-complete 
(and vice versa). 



Proof: In Theorem 13 we prove that the control by tie- 



breaki ng problem for Copeland is po lynomial. On the other 
hand, lObraztsova and Elkind, 2011 1 prove that the manipu- 
lation problem with random tie-breaking for Copeland is NP- 
complete. 

Consider the voting rule that eliminates half the candidates 
using the veto rule, then elects the plurality winner In Theo- 
rem 15 we prove that the control by tie-breaking problem for 



this rule is NP-complete. However, the manipulation problem 
with random tie-breaking for this rule is polynomial since we 



can exhaustively try all m{m~l)/2 votes with different can- 
didates in the first and the last position, and compute the prob- 
ability that our distinguished candidate wins in each case. D 
The computational complexity of control by breaking ties 
is also not related to that of the manipulation problem (where 
ties are broken in a fixed order, in favour or against the ma- 
nipulator). 

Theorem 2. There exists a voting correspondence such that 
the control by tie-breaking problem is polynomial but the ma- 
nipulation problem is NP-complete (and vice versa). 

Proof: In Theorem |9] we prove that the control by tie- 
breaking problem for Nanson is polynomial. On the other 
hand, the manipulati on problem for Nanson is NP-complete 
l| Narodytska ef g/., 201 1 1. 

Consider again the voting rule that eliminates half the can- 
didates using the veto rule, then elects the plurality winner. In 
Theorem [15] we prove that the control by tie-breaking prob- 
lem for this rule is NP-complete. However, the manipula- 
tion problem is polynomial since we can exhaustively try all 
m{ni — l)/2 votes with different candidates in first and last 
position. D 

These results indicate that we must search for other prop- 
erties that may link the single manipulator problem with the 
control by tie-breaking problem. 

4 Breaking ties once or twice 

We start with some very simple cases. When tie-breaking 
only ever takes place once and at the end, then the chair is 
choosing between the co-winners. In such cases, control by 
breaking ties is trivially polynomial. The chair can ensure a 
candidate p wins if and only if p is amongst the co-winners. 

Theorem 3. The control by tie-breaking problems for scoring 
rules, Bucklin and maximin are polynomial. 

We move to some slightly more complex cases. In plurality 
with runoff, the chair breaks ties at most twice: once to break 
ties between candidates for the runoff, and once to break ties 
in the runoff. Control by breaking ties remains polynomial. 

Theorem 4. The control by tie-breaking problem for plurality 
with runoff is polynomial. 

Proof: 0{m) possible candidates can enter the runoff with 
the distinguished candidate. We can try all possibilities. D 

Another rule that is vulnerable to control by breaking ties 
is Black's rule. 

Theorem 5. The control by tie-breaking problem for Black's 
rule is polynomial. 

Proof: There cannot be a tie in the first stage of Black's rule. 
Either we have a Condorcet winner, who is then elected, or we 
do not. If we move to the next stage we only need to break 
ties at the end of the rule between candidates with equal top 
Borda score. D 

Another rule that is vulnerable to control by breaking ties 
is fallback voting. This is perhaps a little surprising as it holds 
the current record of resistance to 20 out of the 22 standard 
methods of control ( Rothe and Schend, 2012| . 

Theorem 6. The control by tie-breaking problem for fallback 
voting is polynomial. 



Proof: The chair only ever needs to tie-break once between 
a set of CO- winners. D 

To have any resistance to control by tie-breaking, we need 
more complex tie-breaking. One place to see more complex- 
ity is with multi-round rules like STV and Coombs in which 
candidates are successively eliminated. Such rules increase 
the number of times ties may need to be broken. 

5 Multi-Round Voting Rules 

We now m ove to multi-round voting rules. Bartholdi and Or- 
lin 1 1991 1 showed that the manipulation problem for STV is 
NP-complete; Conitzer et al. [20091 showed that the winner 
determination under PUT for STV, and therefore control by 
tie-breaking, is NP-complete. 



Theorem 7 (Conitzer et al. ]2009|). The control by tie 



breaking problem for STV is NP-complete. 

5.1 Nanson's and Baldwin's Rules 

We next consider Nanson and Baldwin's voting rules. These 
are multi-round rules that successively eliminate candidates 
based on their Borda score. The manipulation problem for 
Baldwin's rule is NP-complete. Baldwin's rule is also resis- 
tant to control by breaking ties. 

Theorem 8. The control by tie-breaking problem for Bald- 
win's rule is NP-Complete. 

Proof: We will modify the initial scores of the candid ates in 
the NP-completenes s proof of Baldwin manipulation I Naro- 
dytska et al., 20111. The chair will set the tie-breaking or- 
der such that we select exactly a subset of sets that give us 
an exact cover in an instance of Exact Cover by 3 Sets 
(X3C). Given two sets V = {vi, . . . ,Vq}, q = 3t, and 
S = {Si,..., St}, where t > 2 and for all j < t, \Sj\ = 3, 
and Sj C F we create an instance with the set of candidates 
C = {p,d,b}\WV\& A. Note that p is the preferred candidate, 
members of A = {ai, . . . , at} correspond to the 3-sets in S, 
and m = \C\ = q -\- 1 + 3. The construction is made up of 
two parts. The first set o f votes Pi remains unchanged from 
I Narodytska et al.,2Qll\ . The second set of votes P2, which 
are the votes that set the initial score differences between the 
candidates, are modified so that the dangerous candidates are 
tied with p (rather than having one more vote than p). 

With the modified scores, all candidates in A are tied with 
p in the first round. Since all these candidates are tied, the 
tie-breaking rule must choose one to remove in each round. 
In round 4fc = 0, . . . , q/3 we must select some set of can- 
didates oi, . . . , 0^/3 to eliminate (in the interleaving rounds 
4fc + 1, 4fc + 2, 4fc + 3, the elements Vi in the set Sj corre- 
sponding to Uj will drop out). At each 4k, p will be tied with 
the remaining candidates in A which correspond to sets S un- 
til there are no more sets to cover (after 4g/3 rounds). Then 
p will be tied with b if and only if we have eliminated a cover 
and the remaining gj that were not part of the cover. We then 
select p to win over b and the rest of the proof proceeds as in 
| Narodytskaefa/.,201l) . □ 

Nanson's rule is another multi-round rule based on succes- 
sively eliminating candidates according to their Borda scores. 
The manipulation problem for Nanson's rule is NP-complete 



i Narodytska et al., 2011] . Surprisingly, Nanson's rule is vul- 
nerable to control by breaking ties. 

Theorem 9. The control by tie-breaking problem for Nan- 
son 's Rule is polynomial. 

Proof: In Nanson's rule, we eliminate all alternatives with 
less than the average Borda score. The only time that we 
break ties is in the final round when multiple candidates have 
the maximal Borda score. D 

5.2 Coombs Rule 

We finish our consideration of multi-round rules with 
Coombs rule which successively eliminates the candidate 
with the largest number of last place votes. 

Theorem 10. The control by tie-breaking problem for 
Coombs rule is NP-complete. 

Proof: The result holds for both the simplified and unsim- 
plified Coombs rule. We start from a reduction used to show 
the manipulation problem for Coombs rule is NP-complete. 
Given an instance of X3C and the th e profile E defined in 
Theorem 3 from Davies et al. |2012| we prove hardness of 
the control by tie-breaking problem with a slight modifica- 
tion of the scores: we increase the initial veto scores of S2 
and cLq by 1 each. The profile E, generally, creates a voting 
instance where a cover is selected and then verified through 
sequential eliminations through a complex setting of initial 
candidate scores. Here, we need to show that the influence 
that a single manipulator has on the outcome of the election 
can be again simulated by the tie-breaking rule. 

During the first Am rounds, the manipulator can only 
change the outcome of E at rounds p G {1, 5,9,..., 4m}, 
where exactly two candidates are tied. Therefore, we can 
simulate the manipulator's influence using the tie-breaking 
rule. The second point where a manipulator's vote has an in- 
fluence is at the third stage after di , . . . , (i„ are eliminated (in 
this case there is a cover). Namely, the manipulator uses 1 
veto-point to tie c and do. This allows do to be eliminated. 
However, as we increased the initial veto-score of do, do and 
c are tied after di, . . . ,dn are eliminated. Hence, by rank- 
ing c above do, the manipulator can eliminate do. Similarly, 
after do, di . . . , <i„ are eliminated, the score of c is the same 
as the score of S2 as we increased the initial veto-score of S2 
by 1. Hence, by means of the tie-breaking rule, S2 can be 
eliminated before c. The elimination order at the 4th stage 
is independent of the manipulator's vote. Hence, p wins the 
election if and only if we select a cover during the first 4to 
rounds by means of breaking ties appropriately. Hence, de- 
termining if a preferred candidate is a winner of the election 
under by breaking ties appropriately is NP-complete. D 

6 Tournament-style rules 

Like multi-round rules, tournameniH based rules like Cup, 
Copeland, and ranked pairs may require multiple ties to be 
resolved. 

'We use tournament here in it's common language meaning as a 
sports or matchup competition; not necessarily in its mathematical 
sense as a complete directed graph. 



6.1 Cup 

In order to determine the tie breaking o rder, we si mply run 
the algorithm from Theorem 2 in IConitzer et al., 2007 1 that 
computes a manipulating vote and use the returned manipu- 
lation as the linear order for tie-breaking. 

Theorem 11. The control by tie-breaking problem for the 
Cup rule is polynomial when each candidate appears only 
once in T. 

Notice that the above procedure always returns a linear tie- 
breaking order When each candidate appears only once, a 
manipulator cannot benefit by breaking ties with an order 
that violates transitivity. To profit from a non-transitive or- 
der, we would need multiple pairwise comparisons between 
candidates. For example, in double elimination tournaments, 
candidates appear twice. In fact, we only need a linear sched- 
ule and one candidate to appear twice to see the difference. 

Example. Consider the majority relation shown below which 
we c an rea lise through votes according to McGarvey's Theo- 
rem 1J953J. All un-drawn arrows go from left to right. The 
relation between a, b, and c is unspecified (tied). 




b>a 



Ob 



t t t t t t 



For the given agenda we must select the pairwise relations 
between a, b, and c. Notice that the only way to ensure that p 
wins the tournament is to have c > b, b > a and a > c. 

If we allow candidates to enter the tournament more than 
once, and if the tournament can have arbitrary shape, the con- 
trol by tie-breaking problem becomes hard for both transitive 
and non-transitive tie-breaking orders. 

Theorem 12. When the Cup schedule T can have arbitrary 
shape and candidates can appear more than once, control by 
tie-breaking is NP-complete. 

Proof: (Sketch) Reduction from 3SAT. Given a set of 
clauses K = {fci, . . . , /;;„} and a set of literals with their 
negations L = {Zi, ?i, ...,/„, ^,„} we create a Cup tourna- 
ment with candidates C — K \& L\^ {p}. The majority re- 
lation over the candidates has p defeating all elements of L; 
each literal and its negation are tied and defeating any literal 
with a higher number (^i ^ ^i > ^2 ^ h)', each clause is 
defeated by only those literals that would satisfy it while de- 
feating all other literals and p. We construct T as follows: 
for each ki we pair the three literals that would satisfy ki 
with their negations in a match-up. Then, ki plays the winner 



of these three match-ups, sequentially. The output of these 
smaller tournaments all play p sequentially. If there is a tie- 
breaking order which selects either li or li for every literal 
such that all clauses are satisfied, then p will win the Cup. 
Each ki will face each literal or negation in ki, depending on 
the tie-breaking rule. Since only literals that satisfy ki defeat 
it, one must be selected, otherwise p will lose to ki when p 
plays the winner of each of the sub-tournaments. If ki is satis- 
fied by one (or more) of its literals, then ki will be eliminated 
and a literal will face (and lose to) p in the latter part of the 
tournament. Hence p will win the tournament if and only if 
there is tie-breaking rule that satisfies the 3SAT instance. D 

6.2 Copeland 

For the Copeland rule, we know that the second-order tie- 



break ing rule is NP-hard to manipulate iBartholdi et al, 
19891. We can also devise other tie-breakin g rules to add 
to Copela nd to make manipulation NP-hard l |Obraztsova et 



al., 201 1| . On the other hand, the regular Copeland rule is 
vulnerable to control by breaking ties. We merely need to 
break ties in favour of the preferred candidate, and for other 
pairs of candidates, we use the algorithm of Bartholdi, Tovey 
and Trick 1 ^1989] to minimize the Copeland scores of all other 
candidates. 

Theorem 13. The control by tie-breaking problem for 
Copeland is polynomial. 

If we permit the tie-breaking rule to be non-transitive, then 
we can increase the possibilities for manipulation. Specif- 
ically, allowing the tie-breaking rule to be non-transitive 
increases the potential for control of the tie-breaking rule 
under Copeland. Consider the election with 6 votes: 
{d,f,g,P,a,b,c), {d,f,g,p,c,b,a), 2 x {p,a,b,c,d, f,g), 
and 2 x (c, b, a, d, /, g, p). Suppose we want p to win. The 
Copeland scores arep = a = 6 = c = (i = 3, / = 2,(7 = 1. 
We need to submit a tie-breaking order that will resolve the 
pairwise ties between a, b and c. There is no transitive order 
that we can submit to resolve these such that p wins. How- 
ever, we can submit pairwise preferences that will maintain 
the cycle and allow p to win. 

We note that such tie-breaking is close to the proble m of 
manipulating a Copeland election with irrational voters [Fal-I 
l^zewski e t al., 2009 1 which is polynomial time computable 
TFaliszewski et al, 2008 J. If we allow the chair to specify the 
result of each pair-wise tie separately (and thus to break ties 
non-transitively), Copeland remains vulnerable to control by 
breaking ties. 

Theorem 14. The control by tie-breaking problem for the 
Copeland rule is polynomial, even when tie-breaking is speci- 
fied in terms of a perhaps non-transitive ordering on pairwise 
contests. 

The Copeland rule offers another interesting control op- 
portunity for the chair. The chair might be in a position to 
set a, the score that a candidate receives in the event of a tie 
in the tournament graph. The choice of a has an impact on 
the computational c omplexit y of computing a manipulation 
I Faliszewski et al, 2008 ; Faliszewski et al., 2009 1 . However, 



7 Two stage rules 

We have seen that when we break ties only once to decide 
between the co-winners, voting rules are vulnerable to con- 
trol by breaking ties. We have also seen that when we break 
ties multiple times, some multi-round voting rules like STV 
are resistant to control by breaking ties. This leaves open 
the question of whether we ever have resistance to control 
by breaking ties when the chair only has a small, but fixed 
number of opportunities to break ties. We consider here two 
stage rules where the chair only has at most two opportuni- 
ties to break ties. Surprisingly, control by breaking ties can 
be intractable in this case. 

Theorem 15. There exists a two stage voting rule that com- 
bines veto and plurality voting for which the control by tie- 
breaking problem is NP-complete. 

Proof: We consider the rule that first eliminates half the can- 
didates using the veto rule, then elects the plurality winner 
Clearly, the control problem is in NP. We merely need to 
give the subset of candidates selected after tie-breaking to 
go through to the runoff. To show NP-hardness, we adapt 
the reduction from X3C used in the proof of Theorem 3 in 
I Bartholdi et al, 1992) that demonstrates control by elimi- 
nation of candidates for plurality is NP-hard. This reduction 
uses n + Am/3 + 2 candidates where m is the size of the set 
being covered, n is the number of 3-element sets from which 
the cover is built. We double the number of candidates to 
2n + 8m/3 + 4 with n + 4m/3 + 2 additional dummy candi- 
dates di that occur in the same fixed order in every vote. The 
first n + m + 1 candidates appear at the front of the votes, 
whilst the last m/3 + 1 appear at the end. Now the X3C 
problem has a solution if and only if we can remove m/3 
candidates from the original votes to ensure the distinguished 
candidate is the plurality winner. With our two stage rule, one 
of the dummy candidates has all the vetoes so will be elim- 
inated. The chair therefore has to tie-break on which of the 
other 2n + 8m/3 + 3 candidates must be eliminated. To en- 
sure that the distinguished candidate is the plurality winner, 
the chair's tie-breaking must eliminate all n + m + 1 dummy 
candidates at the front of the vote, plus to/3 of the candidates 
from the original election corresponding to the cover. Hence, 
the X3C problem has a solution if and only if the chair can 
tie-break to ensure the distinguished candidate wins. D 

8 Hybrid voting rules 

Conitzer and Sandholm 1 2003) give a general construction 



the control problem of choosing the best value of a to make 
a given candidate win is polynomial. 



that builds a two-stage voting rule that often makes it in- 
tractable to compute a manipulating vote. This construction 
runs one round of the Cup rule, eliminating half of the can- 
didates, and then applies the original base rule to the candi- 
dates that remain. For the base rule X, we denote this as 
Cupi + X. The control by tie-breaking problem is also typi- 
cally intractable for such two-stage voting rules. 

Theorem 16. The control by tie-breaking problem for 

Cupi + Plurality, Cupi + Borda, and Cupi + Maximin 
are NP-complete. 

Proof: Consider the reduction from SAT used in Theorem 2 
in Conitzer and Sandholm t2003J showing that it is NP-hard 



to construct a single vote to ensure a distinguished candidate 
wins Cupi + Plurality. This reduction sets up a profile in 
which the candidates c_|_„ and c_„ corresponding to a literal 
and its negation which are paired in the first round of Cup 
are tied. There is a vote that breaks these ties so that the 
distinguished candidate wins if and only if the SAT instance 
is satisfiable. Let us consider just the original profile, without 
the single manipulating vote. Now, the chair can break these 
ties so that the distinguished candidate wins if and only the 
SAT instance is satisfiable. The other proofs are si milar and 
are adapted from the corresponding reductions in I Conitzer 

and Saiidholm, 20031 . □ 

Elkind and Lipmaa 12005) generalize this construction to 
run some number of rounds, k, of one rule (not necessarily 
Cup) before calling a second rule. This again makes com- 
puting a manipulating vote NP-hard in many cases. Con- 
trol by tie-breaking for such hybrids is often NP-hard as 
tie-breaking can simulate the m anipul ating vote used in the 
proofs in Elkind and Lipmaa 1 2005 1 . For example, con- 
trol by tie-breaking for HYB(STVfe, F) and HYB(r, STV^) 
is NP-hard, where Y is one of the following rules: plural- 
ity, Borda, maximin or Cup. Surprisingly, there are hybrid 
rules where the control by tie-breaking problem has a dif- 
ferent complexity to the manipulation problem. In particu- 
lar, H YB ( pluralityk , plurality ) is vulnerable to manipula- 
tion I Elkind and Lipmaa, 2005| . However, this hybrid is re- 
sistant to control by tie-breaking for unbounded k. 

Theorem 17. The control by tie-breaking problem for 
YiYB{Pluralityk, Plurality) if k is unbounded is NP- 
complete. 

Proof: Our construction is similar to the construction in the 
proof of Theorem 3 in Elkind and Lipmaa [ ,2005] . We reduce 
from an instance of the X3C problem where each item oc- 
curs in at most 3 subsets. We are given a set of items A = 
{ai, . . . , an} with |j4| = n and subsets Si, S2, • • • , S„i C A 
with \Si\ = 3 for i = 1, . . . ,m. The question is whether 
there exists an index set / with |/| = n/3 and IJie/ ^i = '^■ 
We build an election with n + m + 2 candidates: C = 
A y S* y {p, d}. We have n candidates A ^ {oi, . . . , a„} 
that encode items, m candidates S — {si, . . . , s™} that en- 
code sets, a dummy candidate d and the preferred candidate 
p. Let T be a constant greater than 3nm. 

We introduce the following two sets of votes, P = Pi\&P2. 
The first set Pi contains the following votes: T votes (p >- 
C \ {p}), for each Ui, i — 1, . . . ,n,we introduce T — 2 votes 
{tti y C \ {ai}), for each ai, i = 1, . . . , n, we introduce 3 
votes (S*' y C \ 5*), where S^ is the set of sets such that 
ai € Sj, Sj e S\ We introduce 4 votes {dy C\ {d}). Next 
we build P2. Let rij be the number of first places occupied by 
Sj in Pi. We know that Uj < 3. We introduce 3 — Uj votes 
{sj y d y C\ {sj, d}). The rest of the votes are irrelevant. 

The initial plurality scores of the candidates are: 
score{p) — T, score{ai) — T— 2, i ^ 1, . . . ,n, score(sj) = 
3, j = I, . . . ,m and score{d) = 4. We set fc = to — n/3. 

During the first m — n/3 rounds, m — n/3 candidates 
from S are eliminated and the tie-breaking rule decides which 
771 — 77/3 out of 777 candidates to eliminate as all m candi- 
dates in S are tied . If the remaining n/3 candidates in S do 



NP-complete 



scoring rules. Cup, 

Nanson, Copeland, maximin 

Bucklin, fallback 



STV, Baldwin 

ranked pairs. 

Coombs 



Table 1: Complexity of c ontrol by tie-bre aking. The result 
for ranked pairs is due to | |Brill and Fischer, 20121 . 

not correspond to a cover, then an uncovered item ai gets 3 
points resulting in a plurality score of T + 1. Hence, p loses. 
Therefore, using the tie-breaking rule we must ensure that 
the remaining candidates from S form a cover. Finally, if a 
valid cover is selected, the maximal plurality score of d after 
k rounds is 4 + 3777, the maximal plurality score of any sur- 
viving Sj is 9, the maximal plurality score of Ui is T — 2 and 
the score of p is T. Hence, p wins iff there exists a cover D 
Finally, we observe that if A; or 777 — fc is bounded then 
HYB{Pluralityh, Plurality) is polynomial. 

Theorem 18. The control by tie-breaking problem for 
WYB{Pluralityk, Plurality) is polynomial if k or m — k 
is bounded. 

Proof: If k is bounded, we can try all 0[m!') possible tie- 
breaking decisions about candidates to eliminate. Similarly, 
if 777 — fc is bounded, we can try all 0{rrf^~^) possible tie- 
breaking decisions about candidates to survive. D 

9 Conclusion 

We have studied the computational complexity of the con- 
trol by tie-breaking problem. When the chair is only asked 
to break ties once to choose between one of the co-winners, 
the problem is trivially polynomial. However, in multi- 
round elections like STV, where the chair may have to 
break multiple ties, we proved that this control problem 
can be NP-complete (see Table 1 for a summary of re- 
sults). Our results contain several surprises. For exam- 
ple, whilst it is NP-hard to compute a manipulating vote 
for a multi-round rule like Nanson's rule, control by tie- 
breaking is polynomial. Similarly, with a two-stage voting 
rule, even though the chair might only be asked to break 
ties at most twice, it can be NP-hard to control such a rule 
by breaking ties. Of course, many of our results are worst- 
case and may not reflect the difficulty of manipulation in 
practice. A number of recent theoretical and empirical re- 
sults suggest that manipula tion can often be computation- 
ally easy on average (e.g. I Conitzer and Sandholm, 2006 



Procaccia and Rosenschein, 2007; Xia and Conitzer, 2008a; 
Xia and Conitzer, 2008b, Friedgut et ai, 2008, Walsh, 2009£ 
Walsh, 2010| ). Hence this work should be seen as just the 
first step in understanding computational issues surrounding 
the control of elections by breaking ties. 
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